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Article

Magneto-thermoelastic response of an
infinite functionally graded cylinder using
the finite element method

Ashraf M Zenkour1,2 and Ibrahim A Abbas3,4

Abstract
In this article, the magneto-thermo analysis problem of an infinite functionally graded (FG) hollow cylinder is studied. The
radial displacement, mechanical stresses and temperature, as well as the electromagnetic stress, are all investigated along
the radial direction of the infinite cylinder. Material properties are assumed to be graded in the radial direction according
to a novel power-law distribution in terms of the volume fractions of the metal and ceramic constituents. The inner
surface of the FG cylinder is pure metal, whereas the outer surface is pure ceramic. The equations of motion and the
heat-conduction equation are used to derive the governing second-order differential equations. A finite element scheme
is presented for the numerical purpose. The system of differential equations is solved numerically and some plots for
displacement, radial and electromagnetic stresses, and temperature are presented.

Keywords
Finite element method, infinite cylinder, electro-magneto-thermoelastic response

1. Introduction

With the wide use of materials under high temperature
in modern technology and the application of biology
and geology in engineering, theoretical study and appli-
cations in functionally graded (FG) materials have
become important tasks for solid mechanics. The prob-
lem of interaction between the electro-magnetic field,
temperature, stresses and strains in a thermoelastic
solid is relevant for a number of applications, such as
geophysics for understanding the effect of Earth’s mag-
netic field on seismic waves or the damping of acoustic
waves in a magnetic field, nuclear clarify from nuclear
devices, etc. The wave propagation in thermoelastic
media is of importance in various fields, such as earth-
quake engineering, soil dynamics, nuclear reactors,
high-energy particle accelerators, etc.

Increasing attention is being devoted to the inter-
action between the magnetic field and strain field in a
thermoelastic solid due to its many applications in the
fields of geophysics, plasma physics and related topics.
The foundations of magneto-elasticity were presented
by Knopoff (1955) and Chadwick (1957) and developed
by Kaliski and Petykiewicz (1959). In all papers quoted
above it was assumed that the interactions between the

two fields take place by means of Lorentz forces
appearing in the equations of motion and by means
of a term entering Ohm’s law and describing the electric
field produced by the velocity of a material particle
moving in a magnetic field. Usually, in these investiga-
tions the heat equation under consideration is taken as
the uncoupled or the coupled one (see Biot, 1956).
Among the authors who considered the generalized
magneto-thermoelasticity equations are Nayfeh and
Nemat-Nasser (1972), who studied the propagation of
plane waves in a solid under the influence of an elec-
tromagnetic field. Roy Choudhuri (1984) extended
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these results to study the electro-magneto-thermoelastic
waves in rotating media. Sherief (1994) solved a prob-
lem in electro-magneto-thermoelasticity for an infin-
itely long solid conducting circular cylinder. Ezzat
and Othman (2000) applied the normal mode analysis
to the electro-magneto-thermoelastic plane wave prob-
lem for a medium of infinite conductivity. In Ezzat
et al. (2001), the normal mode analysis was applied to
a two-dimensional electro-magneto-thermoelastic plane
wave’s problem of a medium of perfect conductivity. In
fact the problem itself is transient, but the assumed
solutions of the considered variables by normal mode
analysis are suitable for the steady-state case, thus there
exists a paradox between the solutions and the problem
itself.

He et al. (2004) studied the electro-magneto-thermo-
elastic interactions in a semi-infinite perfectly conduct-
ing solid subjected to a thermal shock on its surface
when the solid and its adjoining vacuum are subjected
to a uniform axial magnetic field. Othman et al. (2008)
considers the electro-magneto-thermo-viscoelasticity
coupled two-dimensional problem of a thermally and
electrically conducting rotating half-space solid sub-
jected to a thermal shock on its surface. Sherief and
Helmy (2002) dealt with a two-dimensional electro-
magneto-thermoelastic problem for a finitely conduct-
ing half-space by using Laplace and Fourier trans-
forms. Agarwal (1979) studied electro-magneto-
thermoelastic plane wave propagation in an infinite
nonrotating medium. Ezzat et al. applied the normal
mode analysis to a two-dimensional electro-magneto–
thermoelastic plane wave problem of a medium of per-
fect conductivity. However, Ezzat et al. (2002) surveyed
an electro-magneto–thermoelastic problem using the
state-space approach.

Recently, a new class of intelligent materials, called
functionally graded materials (FGMs), has been rapidly
developed and used in engineering applications. Some
research on exact and approximate three-dimensional
(3D) analysis of FG magneto-electro-elastic structures
has been published. Based on the pseudo-Stroh formal-
ism, Pan and his colleagues (2001, 2002, 2005) pre-
sented 3D solutions for the static and free vibration
analyses of multilayered and FG magneto-electro-elas-
tic plates, respectively. Chen and Lee (2003) proposed
the alternative state-space formulation to determine 3D
solutions of FG magneto-electro-elastic plates using the
propagator matrix method. The material properties of
the FG plates were assumed to obey an exponent-law
dependence on the thickness coordinate provided by
Pan and Han (2005) and to obey a power-law distribu-
tion of the volume fractions of the constituents in Chen
and Lee (2003). Heyliger and Pan (2004) studied the
static fields in magneto-electro-elastic laminates using

a discrete-layer theory. In recent papers, Wu and Tsai
(2007) and Tsai and Wu (2008) presented 3D solutions
for the static and dynamic analyses of multilayered and
FG magneto-electro-elastic shells using the method of
perturbation. A modified method is developed by Wu
et al. (2010) for the 3D analysis of simply supported,
FG rectangular plates under magneto-electro-mechan-
ical loads.

In this paper, the governing second-order differential
equations are derived by using the equations of motion
and the heat-conduction equation. Numerical results
are presented by using a finite element scheme. Some
plots for displacement, radial and electromagnetic
stresses, and temperature are investigated and a con-
cluding remark is made.

2. Formulation of the problem

Let us consider a long cylinder of outer radius r¼b,
inner radius r¼aand made of an exponentially graded
material. The cylindrical coordinates system ðr, !, zÞ is
used with the z-axis coinciding with the axis of the
cylinder. The strain axis is considered to be symmetric
about the z-axis. We have only the radial displacement
u r, which is independent of ! and z. In a generalized
plane strain, we suppose that the planes perpendicular
to the z-axis and u r is a function of the radial direction r
and the time t only. The cylinder is placed in a constant
primary magnetic field H0. The medium is assumed to
be nonferromagnetic and ferroelectric. Neglecting the
Thompson effect, the simplified Maxwell’s equations of
electro-dynamics for perfectly conducting elastic
medium are

r$ ~h ¼ ~j, r$ ~E¼%"@
~h

@t
, r & ~h ¼ 0, r & ~E¼ 0, ð1Þ

where

~E ¼ %" @~u

@t
$ ~H

! "
, ~h ¼ r $ ð ~u $ ~HÞ, ð2Þ

in which ~H is the magnetic field, ~E is the electric field, ~j
is the current density, ~u is the mechanical displacement
and ~h is the perturbed magnetic.

The material properties of the FGM cylinder are
assumed to be a function of the volume fraction of
the constituent materials. The FGM between the phys-
ical properties and the radial direction r for ceramic
and metal FG cylinders is given by Zenkour (2006):

PðrÞ ¼ Pc þ ðPm % PcÞ
r%b

a%b

! "n

, ð3Þ
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where Pc and Pm are the corresponding properties of
ceramic (outer surface) and metal (inner surface),
respectively. Note that the parameter n is the volume
fraction exponent, which takes positive real values. The
value of nequal to zero represents a fully metal cylin-
der. According to this distribution, the inner surface
(r¼a) of the FG cylinder is pure metal, whereas the
outer surface (r¼b) is pure ceramic.

The equations of motion in the absence of the body
forces are

#ij, j þ !#ij, j ¼ $ðrÞ €u i, ð4Þ

where $ is the material density of the cylinder and it is
also considered to be a function of r. The symbol ð Þ, j
represents differentiation with respect to xj. The mech-
anical stress tensor #ij and Maxwell’s electromagnetic
stress tensor !#ij are given, respectively, by

#ij ¼ ð%eii % &T1Þ'ij þ 2(eij,

!#ij ¼ " h iHj þ h jHi % h kHk'ij
# $

, ð5Þ

where 'ij is Kronecker’s delta, T1 the absolute tempera-
ture, % and ( Lamé’s coefficients, " the magnetic per-
meability, & ¼ ð3%þ 2(Þ) the stress temperature
modulus, in which ) is the linear thermal expansion,
and eij is the stain tensor:

eij ¼
1

2
u i, j þ u j, i
# $

: ð6Þ

For the present problem, considering the radial
vibration of the medium, the only nonzero displace-
ment is u rðr, tÞ, so that

err ¼
@u r
@r

, e!! ¼
u r
r
, ezz ¼ 0: ð7Þ

Applying an initial magnetic field vector
~H ( 0, 0,H0½ * in cylindrical polar coordinate ðr, !, zÞ to
Equations (1) and (2), the field components in the
medium are then obtained as

~E(%" 0, %H0
@u r
@t

, 0

% &
, ~h ( 0, 0, %H0

@u r
@t
þ u r

r

! "% &
,

~j( 0, % @h z
@r

, 0

% &
: ð8Þ

The magneto-elasto-dynamic equation, Equation (4),
in the radial direction of the FG hollow cylinder, is
given by

@#rr
@r
þ 1

r
ð#rr % #!!Þ þ fr ¼ $ðrÞ

@2u r
@t2

, ð9Þ

where

fr ¼
@ !#rr
@r

ð10Þ

is defined as Lorentz’s force, and

#rr ¼ %ðrÞ
@u r
@r
þ u r

r

! "
þ 2(ðrÞ @u r

@r
% &ðrÞT1, ð11Þ

#!! ¼ %ðrÞ
@u r
@r
þ u r

r

! "
þ 2(ðrÞ u r

r
% &ðrÞT1, ð12Þ

!#rr ¼ "ðrÞH2
0

@u r
@r
þ u r

r

! "
: ð13Þ

The heat-conduction equation in the presence of
heat sources can be written in the form

@2

@r2
þ 1

*2ðrÞ
d*2

dr
þ 1

r

! "
@

@r
% 1

*1ðrÞ
@

@t

% &
T1 ¼ %

QðrÞ
*2ðrÞ ,

ð14Þ

where *1 is the thermal diffusivity, *2 is the thermal
conductivity and Q is the intensity of the applied heat
source.

Generally, this study assumes that the parameters %,
(, &, *1, *2, " and $ of the FG cylinder change continu-
ously through the radial direction of the cylinder and
obey the gradation relation given in Equation (3).

3. Solution of the problem

Introducing the following dimensionless variables may
be simplifying the solving process:

R ¼ r

b
, A ¼ a

b
, + ¼ t

b

ffiffiffiffiffiffi
%m
$m

r
, !T ¼ T1ðr, tÞ

T0
,

U ¼ u rðr, tÞ
b

, #11, #22,#11ð Þ ¼ #rr, #!!, !#rrð Þ
%m

,

!Q ¼ b2

T0k2m
Q, ð15Þ

where T0 is the reference temperature. In what follows
we assume that the intensity of the applied heat source
is given by the following form:

!Q ¼ "+
R
e%,R, ð16Þ
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